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Abstract: If +is a topological space and � ⊆ +, then the number 

of distinct setsthat can be obtained from A by using all possible 

compositions of pre-closure and complement is at most 10. 

Similarly, this number for ¥¦, ¥§, ¨©ª ¥«is 8,14 and 10 

respectively. Explicit expressions for these sets areprovided. An 

example is also provided where all these different sets are 

realized.A collection of all the semi groups (monoids) of the 

monoid generated by ¥§, that is¬§ is provided. 
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1. INTRODUCTION 

The Kuratowski closure-complement Theorem [7], a result of 
basic point set topology, was first proposed and proved by 
Kazimierz Kuratowski. Since then a lot of research has been 
carried out on Kuratowski closure operators within and 
outside the realm of general topology [2,4,12]. 

In this paper, we investigate the same for some common 
generalized closure operators, namely, k-, ­-, 4-, 5-closures. 
It is found that the maximum number of distinct sets that can 
be obtained by repeatedly taking closure and complement on a 
set is 10, 10, 14 and 8 respectively in case of k-closure, ­-
closure, 4 -closure, and 5-closure respectively. It is also 
found that in all these four cases, the generalized Kuratowski 
operators obtained in the process give rise to a monoids under 
compositions relation. The generators of these monoids have 
been obtained and some semi groups contained in these 
monoids are studied in the paper. 

We recall some known definitions: 
Definition 1.1 Let (X, τ) be a topological space. Then a subset 
2 of (X, τ) is called 
i.)semi-open[8] if 2 ⊆cl int(2); 
ii.)4-open [10] if 2 ⊆int cl int(2); 
iii.)pre-open[9] if 2 ⊆int cl(2); 
iv.)5-open[1] if 2 ⊆cl int cl(2). 

The complement of a semi-open (resp. 4-open, pre-open, 5-
open) set is known as semi-closed (resp. 4-closed, pre-closed, 
5-closed) set. 

Intersection of all the semi-closed (resp. pre-closed, 4-closed 
and 5-closed) sets containingthe set 2 is called the semi-
closure (resp. pre-closure, 4-closure and 5-closure) of 2 and 

denoted by i®(2) ¯resp. i°(2), i�(2) andi�(2)±. 
Theorem 1.2[3]In a topological space (�, 8) with 2 ⊆ �,we 

have 

i.) i°(2) = 2 ∪ iw HZ< (2); 

ii.) i�(2) = 2 ∪ HZ< iw HZ< (2); 
iii.) i�(2) = 2 ∪ iw HZ< iw (2); 

iv.) i®(2) = 2 ∪ HZ< iw (2); 
2. �-NUMBERS OF GENERALIZED CLOSURE 

OPERATORS 

In this section, first we define the�-numberin a topology. 

Definition 2.1 Let(�, 8)be a topological space. A set2 ⊆
�and i� be a generalized closure operator on (�, 8) . Then the 
maximum number of distinct sets that can be generated from 
2 by successive applications of i� and the complement 
operatori is called the�-number of i� and is denoted by �(i�). 

Theorem 2.2Let i� be a generalized closure operator in 

(�, 8). Then we have �³i�´ = 10,8,14 gZj 10 for j=
k, 5, 4 gZj ­. 
Proof. i.)The case of ¥) : 

For 2 ⊆ �, let us use the following notations: 

k�(2) = 2 (the identity) k·(2) = i. i°(2) 

kC(2) = i(2) 
(complement) 

k¸(2) = i. i°. i(2)(pre-
interior) 

k�(2) = i°(2)(pre-
closure) 

k¹(2) = i°. i. i°(2) 

k�(2) = i°. i(2) kº(2) = i. i°. i. i°(2) 

k»(2) = i° . i. i°. i(2) k¼(2) = i. i°. i. i° . i(2) 
 

  

 
Here “.” denotes the composition operation. For 
example, i°. i(2)denotes the pre-closure of the 
complement of2. 

  

We have 
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k�(2) = 2 ∪ iw HZ<(2) 

k�(2) = i° . i(2) = i(2) ∪ iw HZ< ³i(2)´
= i(2) ∪ iw. i³HZ<(2)´
= i(2) ∪ i³HZ< iw(2)´ = i(2 ∩ HZ< iw(2)) 

Procedding similarly, we have 

k·(2) = i³2 ∪ iw HZ< (2)´,  k¸(2) = 2 ∩ HZ< iw(2) 

k¹(2) = i³[2 ∪ iw HZ<(2)] ∩ HZ< iw(2)´ 

kº(2) = [2 ∪ iw HZ<(2)] ∩ HZ< iw(2) 

k»(2) = [2 ∩  HZ< iw(2)] ∪  iw HZ<(2) 

k¼(2) = i³[2 ∩  HZ< iw(2)] ∪  iw HZ<(2)´ 

Based on the above expressions for kS(2), H = 0,1, … … ,9, we 
obtain the following composition table for the operators 
k�(2), kC(2), k�(2), … … … , k¼(2): 

o k� kC k� k� k· k¸ k¹ kº k» k¼ 

k� k� kC k� k� k· k¸ k¹ kº k» k¼ 

kC kC k� k· k¸ k� k� kº k¹ k¼ k» 

k� k� k� k� k� k¹ k» k¹ k» k» k¹ 

k� k� k� k¹ k» k� k� k» k¹ k¹ k» 

k· k· k¸ k· k¸ kº k¼ kº k¼ k¼ kº 

k¸ k¸ k· kº k¼ k· k¸ k¼ kº kº k¼ 

k¹ k¹ k» k¹ k» k» k¹ k» k¹ k¹ k» 

kº kº k¼ kº k¼ k¼ kº k¼ kº kº k¼ 

k» k» k¹ k» k¹ k¹ k» k¹ k» k» k¹ 

k¼ k¼ kº k¼ kº kº k¼ kº k¼ k¼ kº 

 
For the sake of convience, we just write kS instead of kS(2). 
The readers may verify the above results for themselves. For 
example 

k· ∘ k¹(2) = i. i°. i° . i. i°(2) = i. i°. i. i°(2) = kº(2),  
and so on.  

From the above composition table, it is clear that �(i°) = 10. 
ii.)The Case of ¥¦: 
For 2 ⊆ �, we use the following notations: 

5�(2) = 2 (the identity) 5·(2) = i. i�(2) 

5C(2) = i(2) 

 (the complement) 

5¸(2) = i. i� . i(2) (5-
interior) 

5�(2) = i�(2) (5-closure) 5¹(2) = i� . i. i�(2) 

5�(2) = i� . i(2) 5º(2) = i. i� . i. i�(2) 

The set theoretic expressions for the above expressions are: 
5�(2) = i� . i(2) = 2 ∪ HZ< iw HZ< ³i(2)´

= 2 ∪ HZ< iw (i³iw(2)´
= 2 ∪ HZ< i³HZ< iw(2)´ 

= 2 ∪ i³iw HZ< iw(2)´ = i(2 ∩ iw HZ< iw (2)) 
Procceeding similarly, we have 
5·(2) = i³2 ∪ HZ< iw HZ<(2)´, 

5¸(2) = 2 ∩ iw HZ< iw(2), 
5¹(2) = i³[2 ∩ iw HZ< iw(2)] ∪ HZ< iw HZ< (2)´, 

5º(2) =  [2 ∩ iw HZ< iw(2)] ∪ HZ< iw HZ< (2). 
The composition table of ¦Â, ÃÄÅ Â = Æ, Ç, * … … , È is the 

following: 

∘ 5� 5C 5� 5� 5· 5¸ 5¹ 5º 

5� 5� 5C 5� 5� 5· 5¸ 5¹ 5º 

5C 5C 5�  5· 5¸ 5� 5� 5º 5¹ 

5� 5� 5� 5� 5� 5¹ 5º 5¹ 5º 

5� 5� 5� 5¹ 5º 5� 5� 5º 5¹ 

5· 5· 5¸ 5· 5¸ 5º 5¹ 5º 5¹ 

5¸ 5¸ 5· 5º 5¹ 5· 5¸ 5¹ 5º 

5¹ 5¹ 5º 5¹ 5º 5º 5¹ 5º 5¹ 

5º 5º 5¹ 5º 5¹ 5¹ 5º 5¹ 5º 

 
From the above table it follows that �³i�´ = 8. 
iii.) The case of¥§ and ¥«: 
Proceeding as above, we can see that the number of distinct 
sets that can be obtained from i� , i®  and their complement 
are 14 and 10 respectively. For 2 ⊆ �, the notations for 
i�are used: 

4�(2) = 2 (the identity) 4º(2) = i� . i. i� . i(2) 

4C(2) = i(2) 
(complement) 

4»(2) = i. i� . i. i�(2) 

4�(2) = i�(2) (4-
closure) 

4¼(2) = i. i� . i. i� . i(2) 

4�(2) = i� . i(2) 4C�(2) = i� . i. i� . i. (2) 
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4·(2) = i. i�(2) 4CC(2) = i� . i. i� . i. i� . i(2) 

4¸(2) = i. i� . i(2) 
(4 − HZ<stHÉt) 

4C�(2) = i. i� . i. i� . i�(2) 

4¹(2) = i� . i. i�(2) 4C�(2)
= i. i� . i. i� . i. i� . i(2) 

 

 
The composition table for i� HÊ ∶ 
∘ 4� 4C 4� 4� 4· 4¸ 4¹ 4º 4» 4¼ 4C� 4CC 4C� 4C�

4� 4� 4C 4� 4� 4· 4¸ 4¹ 4º 4» 4¼ 4C� 4CC 4C� 4C�
4C 4C 4� 4· 4¸ 4� 4� 4» 4¼ 4¹ 4º 4C� 4C� 4C� 4CC
4� 4� 4� 4� 4� 4¹ 4º 4¹ 4º 4C� 4CC 4C� 4CC 4¹ 4º 

4� 4� 4� 4¹ 4º 4� 4� 4C� 4CC 4¹ 4º 4¹ 4º 4C� 4CC
4· 4· 4¸ 4· 4¸ 4» 4¼ 4» 4¼ 4C� 4C� 4C� 4C� 4» 4¼ 

4¸ 4¸ 4· 4»  4¼ 4· 4¸ 4C� 4C� 4» 4¼ 4» 4¼ 4C� 4C�
4¹ 4¹ 4º 4¹ 4º 4C� 4CC 4C� 4CC 4¹ 4º 4¹ 4º 4C� 4CC
4º 4º 4¹ 4C� 4CC 4¹ 4º 4¹ 4º 4C� 4CC 4C� 4CC 4¹ 4º 

4» 4» 4¼ 4» 4¼ 4C� 4C� 4C� 4C� 4» 4¼ 4» 4¼ 4C� 4C�
4¼ 4¼ 4» 4C� 4C� 4» 4¼ 4¹ 4¼ 4C� 4C� 4C� 4C� 4» 4¼ 

4C� 4C� 4CC 4C� 4CC 4¹ 4º 4C� 4º 4C� 4CC 4C� 4CC 4¹ 4º 

4CC 4CC 4C� 4¹ 4º 4C� 4CC 4¼ 4CC 4¹ 4º 4¹ 4º 4C� 4CC
4C� 4C� 4C� 4C� 4C� 4» 4¼ 4» 4¼ 4C� 4C� 4C� 4C� 4» 4¼ 

4C� 4C� 4C� 4» 4¼ 4C� 4C� 4C� 4C� 4» 4¼ 4» 4¼ 4C� 4C�
 
From the above table it is clear that �(i�) = 14. 
In case of i® , the notations used for different 10 sets are : 

­�(2) = 2 ­·(2) = i. i®(2) ­»(2)
= i® . i. i® . i(2) 

­C(2) = i(2) ­¸(2) = i. i® . i(2) ­¼(2)
= i. i® . i. i® . i(2) 

­�(2)
= i®(2) 

­¹(2)
= i® . i. i®(2) 

 

­�(2)
= i® . i(2) 

­º(2)
= i. i® . i. i®(2) 

 

 
Like the above three cases, reader can verify that �(i®) = 10. 
Below, we provide an example of a topological space for 
which all these bounds are realized. The elobrate details of the 
example is available in [6] and hence avoided here. 

Example 2.3Let� = , the set of real numbers, equipped 
with the usual topology. Then a subset of 2 ⊆ X be defined 
by: 

2 = Ì− C
� , Z ∈ Í ∪ [[1,3]\{2 + C

� , Z ∈ }] ∪ [(5,7] ∩
¯ ∪ ⋃ (6 + C

��° , 6 + C
(��BC)°])�ÐC ÑÒ Ó Ô ∪ (−3, −2]. For this 

set, all the sets defined above are different. 

If all the above four generalized closure operators and 
complement operator are taken together, they generate at the 
most 52distinct sets under composition of operators. The 
reader may refer to [6] for further discussion in this regard. 
Similarly, the sets which satisfiy the property 2 = H®i®(2) 
have been studiedn in [5] as I7-regular sets. In tour above 
discussion, a set is PS–regular if 2 =  ­º(A). 

3. MONOIDS OF THE GENERAIZED CLOSURE 

OPERATORS 

Taking composition of operators as the binary operation, we 
obtain the following monoids of operators: 

ℳ° = {k�, kC, … … … , k», k¼} 
ℳ� = {4�, 4, … … … , 4C�, 4C�} 
ℳ� = {5�, 5C, … … … , 5¹ , 5º} 
ℳ® = {­�, ­C, … … … , ­», ­¼} 

This is clear from composition tables provided in the previous 
section. 

Therorem 3.1The generators of the monoids ℳÕ , qℎsts Ö =
 k, 5, 4 gZj ­ are given by 
H. ) ℳÕ = < ÖC, ÖS >, where H = 2,3,4,5. 
Proof. It follows from the fact that ℳ° = < kC, k� > and 
k� = k� ∘ kC =  kC ∘ k· = kC ∘ k¸ ∘ kC, to be verified from 
the composition table. 
Same argument is valid for ℳ� , ℳ�andℳ®. 

Theorem 3.2The total number of distinct semi-groups 

generated by the members of ℳ� is 118, under the 

composition of operators. 

Proof. We enlist all the semi groups contained in ℳ� in the 
following manner. Since the calculation part may be easily 
verified from the composition table, we leave it to the reader. 

i.) Semi-groups with one generator and one element: 
< 4� > = {4�}, < 4� > = {4�},< 4¸ > = {4¸} 
< 4¸ > = {4¸}, < 4» > = {4»}, < 4C� > = {4C�}, 

< 4C� > = {4C�} 
ii.) Semi groups with one generator and two elements. 

< 4C > = {4C, 4�}, < 4¹ > = {4¹, 4C�},  
< 4CC > = {4º, 4CC}, < 4¼ > = {4¼, 4C�},  
< 4C� > = {4», 4C�}, < 4CC > = {4º, 4CC} 

R

N N

Q



On the �-Numbers of Some Generalized Kuratowski Operators in Topology 

3rd International Conference on “Innovative Approach in Applied Physical, Mathematical/Statistical, Chemical  
Sciences and Emerging Energy Technology for Sustainable Development - ISBN: 978-93-83083-98-5 53 

iii.) Semi groups with one generator and more than two 
elements: 

< 4� > = {4�, 4º, 4CC}, < 4· > = {4·, 4», 4C�} 

iii.) Semi groups with one generator and more than two 
elements: 

Now, we provide an exhaustive list of all semi groups with 
two generators consisting of element of ℳ� . 

< 4C, 4� > = {4�, 4C, 4�, 4�, 4·, … … … , 4C�} 
< 4C, 4¹ > = {4�, 4C, 4¹, 4º, 4», 4¼, … , 4C�}, 
<4�, 4·> = {4�, 4�, … … … … , 4C�, 4C�} 

< 4¹, 4¼ > = {4¹, 4º, … … … , 4C�, 4C�} 

It may be observed that 

< 4C, 4� > ⊇< 4C, 4¹ > ⊇< 4¹, 4¼ > 

and< 4C, 4� > ⊇< 4�, 4· > ⊇< 4¹, 4¼ >. 
Further < 4¹, 4¼ >has 9 semi groups each having two 
generators. They are: 

< 4º, 4C� > = {4º, 4C�}, < 4º, 4C� > = {4º, 4C�},  
< 4», 4C� > = {4», 4C�}, <4», 4C�> ={4», 4C�}, 
<4¹, 4º> ={4¹, 4º, 4C�, 4CC}, 
<4», 4¼>= {4», 4¼, 4C�, 4C�} 

< 4¹, 4» > = {4¹, 4», 4C�, 4C�}, 
< 4º, 4¼ > = {4º, 4¼, 4CC, 4C�}, 
< 4º, 4» > = {4º, 4», 4C�, 4C�} 

Again < 4¹ , 4¼ > contains 8 semi groups with one generator, 
namely, < 4¹ >, < 4º >, < 4» >, < 4¼ >, < 4C� >, < 4CC >
, < 4C� >, < 4C� > , which are already mentioned in the 
beginning. 

Thus total numbers of semi groups of < 4¹, 4¼ > are 
9+8+1=18 (including itself). 

Now, semi groups of< 4�, 4· >, which are not listed above, 
with two generators are 27 in numbers. They are: 

< 4�, 4¹ > = {4�, 4¹, 4C�}, < 4�, 4C� > = {4�, 4C�},
< 4¸, 4C� > = {4¸, 4C�},  

< 4¸, 4¼ > = {4¸, 4¼, 4C�} 
< 4�, 4º > = {4�, 4º, 4C�}, < 4�, 4» > = {4�, 4», 4C�},

< 4¸, 4º > = {4¸, 4º, 4C�} 
< 4¸, 4» > = {4¸, 4», 4C�} 

< 4�, 4CC > = {4�, 4¹, 4º, 4C�, 4CC},  
< 4�, 4C� > = {4�, 4¹, 4», 4C�, 4C�}, 
< 4�, 4C� > = {4�, 4º, 4», 4C�, 4C�} 

< 4�, 4¼ > = {4�, 4¹, 4º, … … … , 4C�, 4C�},  
< 4¸, 4C� > = {4¸, 4», 4¼, 4C�, 4C�},  
< 4¸, 4CC > = {4¸, 4º, 4¼, 4CC, 4C�},  
< 4¸, 4C� > = {4¸, 4º, 4», 4C�, 4C�} 

< 4¸, 4¹ > = {4¸, 4¹, 4º, … … , 4C�, 4C�} 
< 4�, 4¹ > = {4�, 4¹, 4º, 4C�, 4CC} 

< 4�, 4¼ > = {4�, 4º, 4¼, 4CC, 4C�} 
< 4�, 4» > = {4�, 4¹, 4º, … … … … … , 4C�, 4C�} 

<4·, 4¼>={4·, 4», 4¼, 4C�, 4C�} 
< 4·, 4¹ > = {4·, 4¹, 4», 4C�, 4C�} 

< 4·, 4º > = {4·, 4¹, 4º, … . . , 4C�, 4C�} 
< 4�, 4� > = {4�, 4� , 4¹, 4º, 4C�, 4CC} 
< 4·, 4¸ > = {4·, 4¸, 4», 4¼, 4C�, 4C�} 
< 4�, 4· > = {4�, 4·, 4¹, 4», 4C�, 4C�} 

< 4�, 4¸ > {4�, 4¸, 4º, 4¼, 4CC, 4C�} 
< 4�, 4¸ > = { 4�, 4¸, 4º, 4», 4C�, 4C�} 
 
Similarly, we get 7 semi groups of < 4�, 4· > having 3 
generators. They are: 
 

< 4�, 4�, 4» > = {4�, 4�, 4¹, 4º, … … , 4C�, 4C�} 
< 4·, 4¸, 4¹ > = {4·, 4¸, 4º, 4», … … , 4C�, 4C�} 

< 4�, 4·, 4º > = {4�, 4·, 4¹, 4º, … … … , 4C�, 4C�} 
< 4�, 4¸, 4» > = {4�, 4¸, 4¹, 4º, … … , 4C�, 4C�} 

< 4�, 4¸, 4¹ > = {4�, 4¸, 4¹, 4º, … … … , 4C�, 4C�} 
< 4�, 4�, 4¸ > = {4�, 4�, 4¸, 4¹, 4º, … … … , 4C�, 4C�} 
< 4�, 4· , 4¸ > = {4�, 4·, 4¸, 4¹, 4º, … … … , 4C�, 4C�} 

 
Thus, altogether, total number of distinct semi groups 
generated by the elements of ℳ� without 4� amounts to 57. 
One can check that it enumerates four monoids with 4� and 
57 semi groups without 4�.The exhaustive list is provided 
below: 
 

< 4� >, < 4C >, < 4� >, < 4� >, < 4· >, < 4¸ >, < 4¹ >, 
< 4º >, < 4» >, < 4¼ >, < 4C� >, < 4CC >, < 4C� >, 

< 4C� >, < 4C, 4� > , < 4C, 4¹ >,<4�, 4· >, < 4¹, 4¼ >, <
4º, 4C� > , < 4º, 4C� > ,  
< 4», 4C� >, <4», 4C�>, <4¹, 4º>, <4», 4¼>,  

< 4¹, 4» >, < 4º, 4¼ > , < 4º, 4» > , < 4�, 4¹ > , < 4�, 4C�> , < 4¸, 4C� > , < 4¸, 4¼ > , < 4�, 4º > ,
< 4�, 4» > , < 4¸, 4º >, < 4¸, 4» >,
< 4�, 4CC >, < 4�, 4C� > , < 4�, 4C� > ,
< 4�, 4¼ >, < 4¸, 4C� > , < 4¸, 4CC > ,
< 4¸, 4C� > , < 4¸, 4¹ > , < 4�, 4¹ > ,
< 4�, 4¼ > , < 4C, 4� > , < 4C, 4¹ > ,
< 4¹, 4¼ > , < 4�, 4· > , 

< 4�, 4» >, < 4·, 4¼ >, < 4·, 4¹ >, < 4·, 4º >, < 4�, 4� > ,
< 4·, 4¸ > , < 4�, 4· > , < 4�, 4¸ >,
< 4�, 4¸ >, < 4�, 4�, 4» >, < 4·, 4¸, 4¹ >,
< 4�, 4·, 4º >, < 4�, 4¸, 4» >, < 4�, 4¸, 4¹>< 4�, 4�, 4¸ >, < 4�, 4·, 4¸ > 

 

Since4�is an identity operator in monoid ℳ�, therefore by 
adding 4�to each of the semi group not 
containing4�,we again get a semi group of ℳ� , therefore 
there are 4 + 57.2 = 118semi groups in ℳ� . 
Similarly, the above study can be carried out for ℳ°, ℳ� and 
ℳ® also. 
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The reader may refer to [11] for similar algebraic treatment of 
Kuratowski operator. 
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